ABSTRACT X-ray flares, lasting for ∼ 100 − 1000 s in the X-ray band, are often observed following gamma-ray bursts (GRBs). The physical origin of X-ray flares is still unknown merely with the temporal/spectral information. On the other hand, some polarimeters are expected to be launched within several years thanks to the increasing interest on astronomical X-ray polarimetry. Here, by assuming that X-ray flares are synchrotron radiation from relativistic spherical shells, we show that the linear polarization degree during the rising phase of an X-ray flare is much higher for the emitting region with toroidal magnetic fields than that with random magnetic fields. In the decay phase of the flare, the evolution of the polarization degree is determined by the curvature effect of the emitting shell, which is a natural feature of jet scenarios for flares. Therefore, the measurement of the polarization of X-ray flares would provide a useful tool to probe the configuration of magnetic fields in the emission region, and may even help to test the curvature effect. The information on the magnetic configuration can further help us to understand the properties of GRB jets.
INTRODUCTION
Gamma-ray bursts (GRBs), the most violent explosions in the universe, are thought to originate from relativistic jets beaming toward us. GRB prompt emission is characterized by rapid variabilities (δt ≤ 1 s), and its physical understanding is still subject to debate due to the uncertainties on jet composition, energy dissipation mechanism and radiation mechanism (see Kumar & Zhang 2015; for a review). After the GRB trigger, X-ray flares are often observed, thanks to the X-Ray Telescope (XRT; Burrows et al. 2005 ) on the Neil Gehrels Swift satellite (Gehrels et al. 2004) . Some flares show clear rapid rise and steep decay structures superposed on the underlying afterglow and their durations are typically ∼ 10 2 − 10 3 s. Although no general consensus is reached regarding how X-ray flares are interpreted (e.g., King et al. 2005; Dai et al. 2006; Giannios 2006; Perna et al. 2006; Proga & Zhang 2006; Kumar & Zhang 2015) , some studies suggest that X-ray flares and the gamma-ray prompt emission may share a common origin, i.e., X-ray flares also come from relativistic jets (Chincarini et al. 2007; Lazzati & Perna 2007; Maxham & Zhang 2009; Margutti et al. 2010 ). Unlike the erratic lightcurves of prompt emission, temporal structures and spectral evolutions of some X-ray flares are simple and clear. Therefore, theoretical modeling of X-ray flares may provide an indirect but efficient way to approach the physical processes in GRB jets.
The decay phase of the X-ray flare is usually regarded as the high-latitude emission after the cease of the energy release at the emitting site, which has been used as a benchmark to test the curvature effect for a relativistic spherical shell (Uhm & Zhang 2015 . Except for the lightcurve itself, the polarization information in the X-ray band could be obtained by ongoing or future polarimeter missions. These include a China-led gammaray burst polarimeter (named as POLAR; Produit et al. 2005; Xiong et al. 2009 ) mission, the enhanced Xray Timing and Polarimetry (eXTP; mission, and the Imaging X-ray Polarimetry Explorer (IXPE; Weisskopf et al. 2014 ) mission. The polarization information is expected to be closely related to the emission mechanisms, the configuration of magnetic fields in the emission region and the geometric structure of the source. Thus polarmetric observations in addition to spectroscopic observations can help to answer key ques-tions of astrophysical phenomena. Usually, the Stokes parameters detected from the GRB prompt emission (a point source) are the integral over relevant emission regions, making it hard to retrieve the local information. Therefore, it is particular that observing the decay phase of X-ray flares will enable us to collect the Stokes parameters of a sequence of high-latitude positions.
According to previous researches, high levels of linear polarization can be expected from some asymmetries (Medvedev & Loeb 1999; Lazzati 2006; Toma et al. 2009 ) when relativistic electrons produce non-thermal radiation. For the GRB prompt emission, there are two main asymmetries considered. If the GRB jet is a Poynting-flux-dominated jet, its magnetic field is likely advected from the central engine and globally ordered. Synchrotron emission within this globally ordered magnetic field would result in net linear polarization (e.g., Gruzinov 1999; Gruzinov & Waxman 1999; Granot & Königl 2003; Lyutikov et al. 2003; Lazzati et al. 2004a; Fan et al. 2005) . If the magnetic field is produced at the shock plane of the jet itself, e.g., the case of internal shock model, then the magnetic fields are postulated to be random behind the shock. When the observer is offaxis, which corresponds to a large chance possibility, the circular symmetry is broken and net polarization could also be observed (e.g., Sari 1999; Ghisellini & Lazzati 1999; Granot et al. 2002; Wu et al. 2005; Fan et al. 2008 ). These two asymmetries may also exist for the emission sites of X-ray flares, motivating us to calculate the corresponding polarization degree during flares. As mentioned above, the comparison between the calculated polarization degree with the observational ones would then help to probe the characteristics of the local emission region of X-ray flares.
In this paper, we explored the polarization evolution of X-ray flares by assuming two different magnetic configurations. The structure of this article is as follows. We present the calculation of polarization briefly in Section 2. In Section 3, we use a simple model to mimic the temporal and spectral evolution of X-ray flares. We select three X-ray flares as example and calculate the expected polarization from different magnetic configurations in Section 4. The rationality and applications of our results are further discussed in Section 5. Finally, in Section 6, we summarize our conclusions.
POLARIZATION FROM DIFFERENT MAGNETIC CONFIGURATIONS
In this article, for simplicity, we assume that the main emission mechanism for X-ray flares is synchrotron radiation and only the linear polarization of synchrotron emission is calculated. Possible polarization produced by Compton scattering process (Shaviv & Dar 1995; Lazzati et al. 2004a; Krawczynski 2012; Chang et al. 2013 Chang et al. , 2014 or jitter radiation (Mao & Wang 2017) in previous studies is not included here. For an electron of Lorentz factor γ e in the fluid rest frame, its synchrotron emission power at frequency ν is (Rybicki & Lightman 1979) 
where q e is electron charge, m e is electron mass, c is the speed of light, θ B is the pitch angle between the direction of the electron's velocity and the local rest frame magnetic field B , F is the synchrotron spectrum function 1 , and ν c = 3q e B γ 2 e sin θ B /(4πm e c). Hereafter, the superscript prime ( ) is used to denote the quantities in the co-moving frame and letters "obs" is used for quantities in the observer frame. Assuming the bulk Lorentz factor of the emission region is Γ (the corresponding velocity is β), then the observed frequency ν obs is related to ν by ν obs = ν D/(1 + z), where D = Γ −1 (1 − βµ) −1 is the Doppler factor and z is the redshift of the burst. The linear polarization degree for synchrotron emission from a point-like region can be formulated as (e.g., Sari 1999; Granot 2003) 
where the distribution of electrons is assumed to be a power-law and a radiation spectrum of f ν ∝ ν m is taken.
The properties of the jet responsible for GRBs, including jet composition, and the configuration of magnetic fields are still under debate. Within different scenarios, two main configurations for B are usually considered for GRB jet, i.e., the globally ordered magnetic field advected from the central engine, or the random magnetic fields generated in the shock dissipation region (Kumar & Zhang 2015) . Like the situation in modeling the GRB polarization, here, we also consider these two configurations for magnetic fields in the emission region of X-ray flares. Below, we briefly present the polarization properties for X-ray flares in two configurations respectively.
Case of Globally Odered Magnetic Field
It has been proposed that the magnetosphere of a rapidly rotating accretion disk (Lovelace 1976; Blandford 1976) , the black hole itself (Blandford & Znajek 1977) , or a magnetar (Usov 1992; Kluźniak & Ruderman 1998) can produce a relativistic wind, which transfers energy in form of Poynting-flux. The rotation of the central engine would twist up the magnetic field lines into toroidal component (globally ordered within the plane parallel to the shock plane, see Lyubarsky 2009 ). When the outflow
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expands radially, the radial component of the magnetic field decreases with radius as r −2 , while the toroidal component decreases as r −1 , leading to the magnetic field to be toroidal dominated. If the jet responsible for X-ray flares is such Poynting-flux outflow, it is reasonable to assume that the magnetic field is toroidal and axisymmetric about the jet axis (JA).
Let's consider a uniform conical jet moving towards an off-axis observer, whose viewing angle is θ V measured from the JA. For a jet element in the plane of the sky, its position can be describe as (θ,φ), where θ is the angle between the line-of-sight (LOS) and the local radial direction, φ is the azimuthal angle measured from the direction of the LOS to the JA (see Figure 1) . By applying some relevant vector operations, the pitch angle of electrons in this element who emit photons to the observer can be expressed as (also see Toma et al. 2009; Lan et al. 2016 )
where ϕ is the angle between the projection of the magnetic field and the projection of the velocity vector of the jet element in the plane of the sky. As the magnetic field is axisymmetric and toroidal, we can obtain the relation between φ and ϕ as
, and the position angle of polarization for this point-like region as (Toma et al. 2009 )
, which is measured from the direction of the LOS to the JA. As shown in Figure 1 , the observed flux density from the conical jet can be calculated by integrating the emissions from a series of rings centering at the LOS, i.e.,
where
dγe is the equivalent isotropic number distribution of electrons in the emitting shell, D L is the luminosity distance of the burst. The corresponding integral limits are obtained according to virtue of spherical geometry (Wu et al. 2005 
where θ − = |θ j − θ V |, θ + = θ j + θ V , and Θ is the Heaviside step function. On the other hand, the observed Stokes parameters are calculated similarly, i.e.,
where Π p = Π syn is the linear polarization degree of a local point. Using equations above, we can obtain the linear polarization degree as
Fν
. It should be noted that since both χ and sin(2χ) are odd functions of φ, U ν ∝ ∆φ −∆φ sin(2χ)dφ = 0 would always hold. Consequently, if Q ν > 0 (Q ν < 0), then the observed total electric vector is parallel (perpendicular) to the vector from LOS to JA projected in the sky.
Case of Random Magnetic Field
Except for magnetic fields advected from the central engine, the magnetic field may be produced at the shocked region within the jet as suggested in the internal shock scenario. In this case, the magnetic field are usually assumed to be transverse to the direction normal to the shock and random within the shock plane. According to Toma et al. (2009) , if we set the azimuthal angle of B confined within the shock plane as η and adopt a power-law spectrum for the X-ray flare (f ν ∝ ν m ), then the local polarization degree of a point-like region is
by averaging the magnetic field directions within the plane ( means the average over η from 0 to 2π), where
and
By integrating the flux from these point-like regions on the jet, we obtain the observed flux density by
Similarly, the Stokes parameters observed are
Here, it should be noted that U ν ∝ ∆φ −∆φ sin(2φ)dφ integrates to zero.
THE MODELING OF X-RAY FLARES
The lightcurves and the spectral evolution of X-ray flares could be well mimicked using the method proposed in previous researches (Uhm & Zhang 2015 . Here, we adopt the method in these papers and include the calculation of polarization as described above. We assume a group of electrons in a spherical shell are accelerated isotropically (c.f. Geng et al. 2017) to the characteristic Lorentz factor of γ ch and begin to emit photons at a starting radius r s . The total number of radiating electrons in the shell N shell is zero at r s and is assumed to increase at a rate of R inj . The energy dissipation (or the acceleration of electrons) in this shell is set to cease at a turn-off radius r off , so that the emission in the decay phase of the flare comes from high latitudes of the shell at prior radius.
In order to fully model the rising and the decay phase of X-ray flares, it is essential to take relevant parameters to evolve with radius , i.e.,
where Γ 0 , γ 0 ch , R 0 inj and B 0 are initial values of Γ, γ ch , R inj and B at r s respectively. The indices s, g, η and b describes how these quantities evolve with r. On the other hand, for an emitting ring at (r,θ), its corresponding observer-frame time t obs is (e.g., Waxman 1997; Granot et al. 1999; Huang et al. 2000; Geng et al. 2016; )
where ∆T is the correction to the "timing" of the first photon from the flare (see details in . Having a quick look through the products of XRT (Evans et al. 2007 (Evans et al. , 2009 , it could be noticed that there exists notable spectral evolution for major X-ray flares. The spectrum gets hardening during the rising phase, while it turns to be soft in the decay phase. The physical origin for spectral evolution is still unknown. The spectral hardening may be due to the effect of decaying magnetic field (Derishev 2007; Uhm & Zhang 2014; Zhao et al. 2014) , or the dominance of synchrotron self-Compton cooling for electrons (Derishev et al. 2001; Bošnjak et al. 2009; Daigne et al. 2011; Geng et al. 2018) , or the slow heating/acceleration for electrons (Xu & Zhang 2017) . Rather than proposing a detailed model, we try to mimick the spectral evolution by adopting an analytical co-moving spectrum together with evolving parameters like γ ch etc. This method was firstly carried out in to model the X-ray flares. The rapid softening of the spectrum during the decay phase of X-ray flares implies that the co-moving spectrum may be a power-law with an exponential cutoff, i.e., f (x = ν ν ch ) ∝ x ζ+1 e −x , with ν ch = ν c (γ ch ). Since the polarization degree of a point-like region is spectral dependent as shown in Equation (2), when we are calculating Π p at a specific point region, a local spectral index (d ln(f (x))/d ln(x)) is derived and used in calculations. This treatment could naturally ensure the numerical spectral evolution and the corresponding polarization evolution to be consistent with each other only if the radiation mechanism is synchrotron.
NUMERICAL RESULTS
In this section, we select three X-ray flares as examples to perform detailed numerical modeling. Using the method mentioned above, we would model the lightcurves and the spectral evolution of selected X-ray flares, and give the simultaneous polarization degree evolution under different magnetic field configurations.
It has been suggested that the bulk acceleration of the emission region is required (s > 0, see Jia et al. 2016) to reproduce the steep decay of some X-ray flares. Thus we take s > 0 for the X-ray flare of steep decay while ignore it (s = 0) for the X-ray flare of normal decay below. Furthermore, typical values of θ j = 0.15 rad, r s = 10 14 cm, B 0 = 300 G, b = 1 is commonly adopted for all flares. The jet responsible for the X-ray flare is assumed to be viewed slightly off-axis, described by a parameter q = θ V /θ j . We then search for plausible values for other parameters to well reproduce the observations of three flares (see Table 1 ). The result for the X-ray flare of GRB 170705A is shown in Figure 2 , in which s = 0 (without bulk acceleration) is considered.
As can be seen in Figure 2 , the evolution of the Π obs (|Q ν | /F ν ) is significantly different between two different magnetic configurations, although the temporal and spectral behaviors are almost identical. For the case of the toroidal configuration (blue line), the evolution of Π obs consists of three stages, i.e., the plateau stage, the decline stage, and the recovery stage. In the plateau stage, the observed flux is dominated by the emission from the cone of θ ≤ Γ −1 along the LOS. Within this cone, the magnetic field appears quite aligned for the toroidal configuration, resulting in a large degree of polarization, which is close to the maximum polarization achievable from synchrotron (Lazzati 2006) . When the dissipation process is turned off at R off , it begins to enter the decline stage and the following observed emission is hence fully determined by the emission from high latitudes of a shell, i.e., the curvature effect. In the decline stage, since the flux contribution from the cone (highly polarized region) decreases with time, Π obs is expected to decrease accordingly. After the flux contribution from the cone vanishing, Q ν would get to be even negative when the observed flux is dominated by the emission from rings at the higher latitudes. At last, in the recovery stage, Q ν would recover to positive again, and Π obs reach a value of
the point region at (θ + ,φ ∼ 0) according to Equation (8).
For the case of random configuration, the evolution of Π obs also consists of three stages, i.e., the zero stage, the negative stage, and the positive stage. In the zero stage, the observed flux is dominated by the emission from the cone of θ ≤ Γ −1 along the LOS. This cone is within the edge of the jet in view of Γ −1 < θ − . Since the polarization direction of points on each ring centering at the LOS is axisymmetric about the LOS, the integrated radiation from each circle is seen by the observer and different polarization directions cancel out. The zero stage sustains until the flux contribution from the region of θ ≤ θ − vanishes in the decay phase of the flare. While in the negative stage, as the flux is dominated by the region of high latitude, the asymmetry (the lower part of the ring is lost beyond jet edge) would result in a negative Q ν /F ν . At last, in the positive stage, only the top part of the ring is seen and the positive Q ν /F ν is expected.
In the above calculations, we have assumed that the viewing angle is moderate (q ∼ 0.5). More model fits with different values of q are performed in order to explore its influence on the results, of which the corresponding polarization evolutions are shown in Figure 3 . Note that when a different value of q is adopted, other parameters (γ 0 ch , R 0 inj and r off ) are properly adjusted to reproduce the lightcurves to some extent. From this figure, it is seen that a large q (≥ 1.2) would lead to a high polarization degree during the rising phase even for a random magnetic field configuration, making it hard to distinguish between the toroidal and random magnetic configurations. However, as long as the viewing angle is within θ j (q ≤ 1), the polarization degree under random magnetic fields is still near zero. On the other hand, of interest here are luminous GRBs, for which q is likely to be ≤ 1, otherwise the prompt emission would be much weaker due to strong beaming effect. So our results with q ∼ 0.5 are representative for X-ray flares of luminous GRBs.
Similarly, the results for X-ray flares of GRBs 170113A and 140108A are shown in Figure 4 and Figure 5 respectively, in which s > 0 is considered. The evolution of Π obs Note-Redshift z = 1 is commonly taken for all GRBs in the modeling.
in these results are similar to that discussed for GRB 170705A. According to the numerical results above, the evolution of polarization under different magnetic configurations are generally different in both the rising and the decay phase of an X-ray flare. Therefore, the comparison with the observational data would help to probe the magnetic configuration in its emission region.
DISCUSSION
Although we have set several parameters to evolve simply as power-law functions of r in our modeling, this treatment would not change our main conclusions significantly. The comparison between the results for s = 0 and results for s > 0 shows that whether the emission region of the X-ray flare is accelerating or not would not strongly affect the difference of the polarization evolution between two magnetic configurations. Moreover, the analytical co-moving spectrum as f ∝ x ζ+1 e −x and relevant evolving parameters (e.g., γ ch , R inj ) are adopted to mimic the observed spectrum, from which the spectral indices are used to calculate the corresponding polarization degree. So our calculations of the polarization degree is robust in view that the main emission mechanism here is synchrotron.
Figures 2-5 show that the highest polarization degrees ∼ 70% are higher than those predicted for the net polarization of prompt emission (typically ∼ 40%, see Lyutikov et al. 2003; Toma et al. 2009 ). In our figures, the highest polarization degrees of ∼ 70% is achieved mainly due to two reasons. First, the spectral indices for X-ray flares are relatively soft, while the spectral index of the prompt radiation spectrum is usually taken to be relatively hard. Moreover, the Stokes parameters given in our work are values at the specific frequency of 10 keV. However, the polarization of prompt emission is an integration over a wide spectral range of 60 -500 keV as in Toma et al. (2009) , which would result in a lower net polarization degree.
Our results show that the evolution of the polarization after the peak time of an X-ray flare (for both two magnetic configurations) is a natural result of the curvature effect. The turning point of polarization evolution is always coincident with the peak time of the flare. For the case of toroidal configuration, the recovery stage following the decline stage of Π obs is also unique. These features could be verified in future observations. In general, observations to the polarization in the decay phase of transient emission from astrophysical relativistic jets could serve to test the curvature effect. Polarization evolution accompanying the very early sharp decline of GRB X-ray afterglows has also been calculated in Fan et al. (2008) . However, they mainly focused on the sharp decline phase of X-ray afterglows, not X-ray flares here. Moreover, the full modeling for the rising and the decay phase of X-ray flares, together with calculations of the corresponding polarization, is firstly achieved in this work.
In our calculation, some possible depolarization effects Figure 3 . Evolution of Q ν /F ν in fitting the X-ray flare of GRB 170705A. Different line styles correspond to the results under different q. Note that for all plots, other parameters have been properly adjusted so that the observed lightcurve of the X-ray flare of GRB 170705A can be reproduced to some extent. The blue color and the red color show cases of toroidal B and random B respectively. depolarization effect may not be too strong for the case of toroidal B , the different evolution of Π obs between different B still holds.
Whether the polarization of X-ray flares could be well measured from observations is crucial for the application of our work. For a transient source with a flux level of F 2−10keV ∼ 10 −8 erg cm 2 s −1 , with an exposure time shorter than 10 2 s, its linear polarization degree could be measured to an accepted accuracy (better than 10%) based on the capability of eXTP (see Figure  11 of . On the other hand, the typical duration of an X-ray flare is ∼ 10 2 − 10 3 s, and the early X-ray flux of the brightest burst GRB 130427A is well above 10 −8 erg cm 2 s −1 (von Kienlin 2013; Evans et al. 2013; Flores et al. 2013) . No flares are observed in the lightcurves of GRB 130427A unfortunately. However, this event indicates that at least the polarization of X-ray flares of some bright GRBs is likely to be measured by future detectors.
CONCLUSIONS
The jet composition, and radiation mechanism for GRBs/X-ray flares are still uncertain. In this paper, by modeling the temporal/spectral features of X-ray flares and calculating the simultaneous polarization under the toroidal and the random magnetic field respectively, we find that the observed linear polarization of X-ray flares should be significantly different between the two magnetic configurations. This provides a tentative method to probe the magnetic configuration of the X-ray flare emission region by using the future polarimetry detectors, thanks to the increasing interest for X-ray polarimetry (Marin 2018) . Considering the fact that the X-ray flare and the prompt emission may share a similar origin, the magnetic configuration of the GRB jet may thus be inferred, which is closely linked to other properties of the GRB jet (e.g., jet composition).
In this paper, it is also found that the polarimetry observation of X-ray flares could serve to test the curvature effect. ization degree would also decrease rapidly in the decay phase of the X-ray flare. This is another evidence to the curvature effect except for the feature of steep decay of the lightcurve itself (Uhm & Zhang 2015) . However, the decline of the polarization degree could also be ascribed to the evolution of magnetic field turbulence, i.e., the decrease of magnetic field coherence (Zhang & Yan 2011) . It may be hard to distinguish between this intrinsic evolution and the curvature effect. Nevertheless, if the turnover evolution (the recovery stage mentioned in Section 4) of polarization degree at the late time of decay phase is detected, the curvature effect would provide a relatively self-consistent interpretation. It should be noted that we have assumed that the jet is uniform on the emitting surfaces and of sharp edges in our calculations. However, GRB jets may actually be structured from some relevant simulations (e.g., Lazzati et al. 2017; Kathirgamaraju et al. 2018 ). More sophisticated modeling should be taken into account when we apply our results to the further observations.
